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1. Introduction and preliminary results
It is well known that the homotopy and homology groups of the total and base spaces of a given ﬁbration are related
by various exact sequences such as the Serre sequence, Gysin sequence (when the ﬁber is a sphere) and the long exact
homotopy sequence of the given ﬁbration. In the case of differentiable ﬁbrations with small dimensional ﬁber one can even
get some isomorphisms between the higher homotopy groups of the base and the total spaces, due to the long homotopy
exact sequence of the ﬁbration. In fact the homotopy groups of the base and total spaces of a covering map are the same
starting with order two. As the submersions between compact manifolds, i.e. maps with empty critical set, are locally trivial
ﬁbrations, one can ask whether these type of relations still hold for maps with ‘small enough’ sets of critical values which
are equally covered by regular points. In this paper we show that this is actually the case if one restricts the source manifold
to the set of regular points and the target manifold to its image, under the assumption on that restriction to have some
‘small’ set of critical values. The results concern zero, one and two codimension cases, under the countability or slightly
more general assumption on the set of critical values of the above mentioned restriction. They are oriented towards the
inverse problem of deciding whether a given closed subset of the source manifold is critical or a closed subset of the target
manifold is the set of critical values of some differentiable map. The closed subsets of the target manifolds should also
be considered of zero measure, as the set of critical values of the smooth maps have, according to Sard’s theorem, zero
measure. In fact the dimension of the set of critical values is at most one unit less the dimension of their ambient (target)
manifold since the top dimensional subsets of differential manifolds have nonempty interior and nonzero measure therefore
[11, p. 46]. We provide examples of such subsets inside the source and target manifolds which are not critical sets and
images of critical sets respectively, under some restrictions on the involved objects.
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set of critical values which can prevent some closed sets to be critical or images of critical sets. Some of the results are also
useful for the next section. Recall that the critical set C( f ) of a differentiable mapping f : Mm → Nn , m n consists in those
points of p ∈ M at which rank(df )p < n, the set f (C( f )) of critical values of f being denoted by B( f ). Another set which
plays an important role in this paper is A( f ) := B( f ) ∩ f (R( f )), as it is used to deﬁne some classes of maps which are
studied, through their set of regular points and their images, within Sections 2 and 4. The critical set C( f ) of f is closed,
while the set R( f ) := M \ C( f ) of regular points of f is obviously open.
We next show that the set of critical values has high dimension for some maps, by providing ﬁrst a representation for
their set of critical values which generalize a previous representation result [17, Proposition 2.5] and generates a character-
ization of CS∞-maps.
Proposition 1.1. Let M, N be differential manifolds such that dim(M)  dim(N). If M is compact and N connected, then B( f ) =
∂( f (R( f ))) ∪ ∂ Im f ∪ A( f ), for all f ∈ C∞(M,N).
Proof. To prove the inclusion ∂( f (R( f ))) ∪ ∂ Im f ⊆ B( f ) we note that
∂
(
f
(
R( f )
))∪ ∂ Im f ⊆ Im( f ) = f (R( f ))∪ B( f ) ⊆ int(Im( f ))∪ B( f ).
On the other hand ∂( f (R( f ))) ∩ f (R( f )) = ∅ and ∂ Im f ∩ int(Im( f )) = ∅, which combined with the above relations, shows
that ∂( f (R( f ))), ∂ Im f ⊆ B( f ), and the inclusion ∂( f (R( f ))) ∪ ∂Im( f ) ∪ A( f ) ⊆ B( f ) is now completely proved. For the
opposite inclusion the relation int(Im( f )) ⊆ f (R( f )), which is left to the reader, is needed. Then,
B( f ) = f (C( f ))⊆ Im( f )
= ∂ Im( f ) ∪ int(Im( f ))
⊆ ∂ Im( f ) ∪ f (R( f ))
= ∂ Im( f ) ∪ ∂( f (R( f )))∪ f (R( f )). 
Corollary 1.2. Let Mm, Nn, m  n  2, be differential manifolds. If N is connected and f ∈ C∞(M,N) is not onto but closed and
R( f ) 
= ∅, then dim(B( f )) = n − 1.
Proof. The dimension of B( f ) cannot exceed n−1, as its measure is zero. On the other hand dim(B( f )) = dim(∂( f (R( f )))∪
∂ Im f ∪ A( f ))  dim(∂ Im( f )). But ∂ Im( f ) separates N , i.e. N \ ∂Im( f ) is not connected, as f is closed but is not onto
and R( f ) 
= ∅. In fact every continuous path from one point q ∈ int(Im( f )) to some point y ∈ N \ Im( f ). This shows that
dim(∂ Im( f )) n − 1 [11, p. 48]. 
Corollary 1.3. Let Mm, Nn, m  n  2, be differential manifolds. If M is compact and N is connected but not compact, then no
submanifold X with dim(X) < n − 1 is the critical set of any map in C∞(M,N).
Corollary 1.4. f ∈ CS∞(M,N) if and only if B( f ) = ∂( f (R( f ))) ∪ ∂ Im f .
Proof. If A( f ) = ∅, then B( f ) = ∂( f (R( f )))∪ ∂ Im f ∪ A( f ) = ∂( f (R( f )))∪ ∂ Im f . Conversely, if B( f ) = ∂( f (R( f )))∪ ∂ Im f ,
it follows, by using the representation B( f ) = ∂( f (R( f ))) ∪ ∂ Im f ∪ A( f ), that A( f ) ⊆ ∂( f (R( f ))) ∪ ∂ Im f . This shows that
A( f ) = ∅, as f (R( f )) ∩ ∂( f (R( f ))) = ∅ = f (R( f )) ∩ ∂ Im f . 
Corollary 1.5. Let M, N be differential manifolds with the same dimension and f : M → N be a differentiable map. Assume that M, N
are connected and M is additionally compact. If the set of regular points R( f ) = M \ C( f ) is connected, then f is onto i.e. ∂ Im( f ) = ∅.
In such a case f (R( f )) is also connected and the equality B( f ) = ∂( f (R( f ))) ∪ A( f ) holds.
Proof. If f weren’t onto, then the degree of f would be zero. Recall that deg( f ) =∑x∈ f −1(y) ε fx , for some regular value y
of f , where
ε
f
x =
{+1 if (df )x preserves the orientation,
+1 if (df )x reverses the orientation
and ε fx is locally constant i.e. it is constant on each connected component of R( f ). In other words, (df )x keeps its nature
of preserving or reversing the orientation as x runs on each connected component of R( f ). The equalities
0 = deg( f ) =
∑
x∈ f −1(y)
ε
f
x
show that the sign function ε fx takes both values ±1, namely the set of regular points R( f ) would not be connected. 
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While the approaches for aﬃrmative examples of the inverse critical problem are basically constructions of maps with
prescribed critical sets [8,15], for some negative examples one exploits the restriction M \ f −1(B( f )) g−→N \ B( f ), x → f (x)
of a differentiable map f : M → N . The mapping f is assumed to have the given closed subset as critical set, the method
involving diagram (1) works if one considers closed countable subsets of the source manifold [16]. For higher dimensional
closed subsets we reﬁne the commutative diagram (1)
M \ f −1(B( f ))
i
g
N \ B( f )
j
M
f
N,
(1)
to the following diagram with horizontal restrictions of f , vertical embeddings and commutative rectangles
R( f ) \ h−1(A( f ))
i1
g
f (R( f )) \ A( f )
j1
R( f ) h
i2
f (R( f ))
j2
M
f
N,
(2)
as M \ f −1(B( f )) = R( f ) \ h−1(A( f )) and f (R( f )) \ A( f ) = N \ B( f ) whenever f is onto. Generally speaking the set A( f )
and its preimage h−1(A( f )) might be quite sophisticated, but we shall assume that A( f ) consists of countably many points
as we need some topological control on the complements f (R( f )) \ A( f ) and R( f ) \ h−1(A( f )) in order to get some order
of connectedness for the inclusions i1, j1. In the last section we allow A( f ) to be uncountable but good enough to fulﬁll,
through f (R( f )) \ A( f ) and R( f ) \ h−1(A( f )), our topological needs. The classes of maps we are working with are
CS∞(M,N) := { f ∈ C∞(M,N) ∣∣ A( f ) = ∅},
C∞i (M,N) :=
{
f ∈ C∞(M,N) ∣∣ card[A( f )] i}
for any i  ℵ0, where ℵ0 stands for the cardinality of the natural numbers N. Observe that CS∞(M,N) = C∞0 (M,N) ⊂
C∞1 (M,N) ⊂ · · · ⊂ C∞ℵ0 (M,N) and C∞F (M,N) :=
⋃∞
i=1 C∞i (M,N) = { f ∈ C∞(M,N) | A( f ) is ﬁnite}.
Examples 2.1.
(1) Let f : Cn+1 → C be a polynomial function and B f be its bifurcation set i.e. the smallest ﬁnite subset Γ of C such
that the restriction Cn+1 \ f −1(Γ ) → C \ Γ , z → f (z) is a ﬁbration. It is well known that such a ﬁnite set Γ ex-
ists [4,9,13,19,20]. Thus A( f ) ⊆ B f , which shows that f ∈ C∞i (Cn+1,C) for every i  card(B f ). Let us mention that
the bifurcation set contains the set of critical values and, except some special cases, the two sets are different. This
phenomenon is due to the lack of properness of the polynomial functions, which are not covered by the Ehresmann’s
ﬁbration theorem therefore. However, for the (∗)-polynomials the bifurcation set B f is precisely the set of critical val-
ues and the singular ﬁber f −1(s), s ∈ B f has only isolated singularities [13,14]. Recall that f is a (∗)-polynomial if and
only if {z ∈ Cn+1 | ∂ fd(z) = fd−1 = 0} = {0}, where f = fd + fd−1 + · · · is the decomposition of f into its homogeneous
components.
(2) The Lefschetz ﬁbrations M → Σg are examples of smooth mappings with connected regular sets and with nonempty
A( f ) sets which actually belong to C∞i (M,Σg) for all i greater than the number of their singular ﬁbers.
(3) The Montgomery–Samelson ﬁbrations [1–3,12] with ﬁnitely many singular ﬁbers are examples of smooth mappings
with connected regular sets, but their A( f ) sets are usually empty. However, by using them one can produce maps
with higher dimensional source and target spaces and ﬁnite nonempty A( f ) sets. For some examples of Montgomery–
Samelson ﬁbrations, we referee to [7].
Let M , N be compact manifolds, f : M → N be a Montgomery–Samelson ﬁbration with ﬁnitely many singularities and
y ∈ N be a regular value of f . Consider a diffeomorphism ϕ of N which ﬁxes every point in a disk D with spherical
boundary around y and moves each singular value of f to a regular value of f . We now consider a twisted connected
ﬁber sum of two copies of f in which one removes ﬁrst the f −1(int(D)) and int(D) from M and N respectively and
identify the boundaries of D and f −1(D), from the two copies of M \ f −1(int(D)) and N \ int(D), with themselves,
via orientation-preserving diffeomorphisms. The manifold corresponding to the target manifold construction is N  N
and the one corresponding to the source space construction will be denoted by M  f ,D M . We now deﬁne the twisted
connected ﬁber sum g : M  f ,D M → N  N to be equal with f on one copy of M \ f −1(int(D)) and equal to ϕ ◦ f on the
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of ∂(N \ int(D)) in both copies N \ int(D) over the disk D itself diffeomorphically except the boundaries of the two
copies of N \ int(D) which are sent at the same point of D . On the rest of the two copies of N \ int(D), h is just the
identity. Observe that A(h ◦ g) consists of the set of singular values of f and their images through ϕ .
(4) An explicit example of a CS∞ type map is given by the projection
p : Sn+k → Rn, p(x1, . . . , xn+k+1) = (x1, . . . , xn), k 0
whose critical set is C(p) = p(C(p)) = Sn+k ∩ Rn = Sn−1. The restriction p : R(p) → p(R(p)) is a ﬁbration precisely
because A(p) = ∅ and R(p) = Sn+k \ C(p) is connected for k 1. R(p) is not connected if k = 0, as its critical set C(p)
is the equator in this particular case. The projection p is actually part of the more general setting given by a submersion
p : E → N and a map f : M → E such that dim(M),dim(E) dim(N). Observe that f intersects transversally the ﬁber
F f (x) := p−1(p( f (x))) of p through f (x), for some x ∈ M , if and only if x ∈ R(p ◦ f ). In the above example the role of
the submersion p is played by the projection π : Rn+k+1 → Rn , π(x1, . . . , xn+k+1) = (x1, . . . , xn) and the role of f is
played by the inclusion map i : Sn+k ↪→ Rn+k+1 and actually p = π ◦ i. For the particular case of the submersion π , the
role of Sn+k might be assumed by any differential manifold M which can be embedded in Rn+k+1 and dim(M)  n,
some of them could produce nonempty A(π ◦ j) sets. The set of regular points of π ◦ j, via some embedding j :
M ↪→ Rn+k+1, is the collection of all points x ∈ M for which the tangent space T j(x)( j(M)) and the director space
(Rn)⊥ of the aﬃne variety π−1(π(x)) = x+ (Rn)⊥ span the whole space Rn+k+1. Here Rn is identiﬁed to the subspace
{(x1, . . . , xn,0, . . . ,0): x1, . . . , xn ∈ R} of Rn+k+1.
Remark 2.2. Let M , N be connected differential manifolds with M compact and N noncompact and dim(M) dim(N) 2
and let f : M → N be a smooth map.
(1) If the connected components of A( f ) are all compact, then the inequalities card[π0(C( f ))]  card[π0(B( f ))] 
card[π0(A( f ))] + 1 hold, where π0(X) stands for the collection of the connected components of X .
(2) C( f ) has inﬁnitely many components, for all f ∈ C∞ℵ0 (M,N) \ C∞F (M,N).
Indeed the inequality card[π0(C( f ))] card[π0(B( f ))] is obvious, because the image of a connected space through a con-
tinuous map is connected. On the other hand the set B := [∂( f (R( f ))) ∪ ∂ Im f ] ∩ A( f ) is actually the empty set. By using
the compactness of some component C of A( f ), it follows that it is a connected component of B( f ), not the same with any
component of ∂( f (R( f ))) ∩ f (R( f )). In other words the correspondence π0(A( f )) → π0(B( f )) deﬁned by
C → the connected component of B( f ) which contains C
is one-to-one and no component of ∂( f (R( f ))) ∪ ∂ Im f is in its image. This proves the inequality card[π0(B( f ))] 
card[π0(A( f ))]+1. For the emptyness of B, by using the obvious facts ∂( f (R( f )))∩ f (R( f )) = ∅, ∂ Im f ∩ f (R( f )) = ∅, one
gets:
B = [∂( f (R( f )))∩ A( f )]∪ [∂ Im f ∩ A( f )]
= [∂( f (R( f )))∩ f (R( f ))∩ B( f )]∪ [∂ Im f ∩ f (R( f ))∩ B( f )]= ∅.
Finally, ℵ0  card[π0(B( f ))] card[π0(C( f ))], (∀) f ∈ C∞ℵ0 (M,N) \ C∞F (M,N).
Remark 2.3. Let Mn , Nn be compact smooth manifolds and let f : M → N be a smooth map. If A( f ) is countable, then
h−1(A( f )) is also countable.
Proposition 2.4. If Mn+k, Nn, n  5, are smooth manifolds and f ∈ C∞ℵ0 (M,N), then i1 : R( f ) \ ( f |R( f ))−1(A( f )) ↪→ R( f ) and
j1 : f (R( f )) \ A( f ) ↪→ f (R( f )) are (n − 1)-connected.
Proof. We only need to show the triviality of the relative homotopy groups πr(R( f ), R( f ) \ ( f |R( f ))−1(A( f ))),πr( f (R( f )),
f (R( f ))\ A( f )), for all r  n−1. Because the restriction h : R( f ) → f (R( f )) is a submersion and A( f ) ⊆ f (R( f )) is a closed
countable subset, it follows that h−1(A( f )) is a countable collection of k-dimensional submanifolds of R( f ). It suﬃces to
prove that every [α] ∈ πr(R( f ),M \ f −1(B( f ))) has a representative
β : (Dr, Sr−1)→ (R( f ), R( f ) \ h−1(A( f )))
with the property β(Dr) ⊆ M \ f −1(B( f )), which actually follows by using the transversality theorem for a countable family
of submanifolds [18]. The (n− 1)-connectedness of j1 : f (R( f )) \ A( f ) ↪→ f (R( f )) follows by using again the transversality
theorem mentioned in [18]. See also [16, Proposition 2.3]. 
We are now going to state the result concerning the relation between the homotopy groups of R( f ) and the homotopy
groups of its image f (R( f )).
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is connected.
(1) If n 4 and k = 0, then πr[ f (R( f ))]  πr(R( f )) for all r  n − 2 and πn−1(R( f )) is a subgroup of πn−1[ f (R( f ))].
(2) If n  5 and k = 1, then πr[ f (R( f ))]  πr(R( f )) for all 3  r  n − 2 and πn−1(R( f )) is a homomorphic image of
πn−1[ f (R( f )) \ A( f )].
(3) If n 5, k = 2 and π1(R( f )) has no elements of order two, then
(a) π1[ f (R( f ))]  π1(R( f )).
(b) πr[ f (R( f ))]  πr(R( f )) for all 3 r  n − 2 and πn−1(R( f )) is a homomorphic image of πn−1[ f (R( f )) \ A( f )].
Remark 2.6. The group homomorphism which realizes the isomorphisms between πr(R( f )) and πr[ f (R( f ))] in Theorem 2.5
is the induced one by the restriction h, namely πr(h) : πr(R( f )) → πr[ f (R( f ))], as the restriction g is actually a ﬁbration
with zero, one- or two-dimensional compact ﬁber on which we have complete topological control.
Corollary 2.7. Let Mm, Nn, m n 5 be connected manifolds. Assume that M is additionally compact and f : M → N is a C∞ℵ0 map
with R( f ) connected such that π3(i2) : π3(R( f )) ↪→ π3(M) is an isomorphism. If the rank of f does not exceed n − 5 on C( f ), then
the induced group homomorphism π3( f ) : π3(M) → π3(N) is an isomorphism.
Proof. Taking into account that i1 and i2 are both 4-connected, it follows that i = i2 ◦ i1 is 4-connected too. This shows,
according to Corollary 1.5, that f is onto and f (R( f )) \ A( f ) = N \ B( f ) therefore. According to Church [5, Theorem 1.1]
one gets that π3( j) : π3(N \ B( f )) → π3(N) is an isomorphism, which combined with the invertibility of π3( j1) shows the
invertibility of π3( j2), as j = j2 ◦ j1 and π3( j2) = π3( j) ◦π3( j1)−1. The commutative diagram
π3(R( f ))
π3(i2)
π3(h) π3( f (R( f )))
π3( j2)
π3(M)
π3( f ) π3(N),
derived from the commutative diagram (2) has vertical arrows isomorphisms which combined to the invertibility of the top
horizontal arrow implies the invertibility of the bottom horizontal arrow. 
Example 2.8. If m n 5 are integers, then no submanifold X of S3 × Tm , dim(X)m− 5, is the critical set of any map in
C∞ℵ0 (S
3 × Tm−3, Sn) whose rank does not exceed n− 5 on X . Indeed, it is enough to see, by using a transversality argument,
that the inclusion S3 × Tm−3 \ X ↪→ S3 × Tm−3 is 4-connected.
Corollary 2.9. Let Mn, Nn, n  4 be connected manifolds. Assume that M is additionally compact and f : M → N is a C∞ℵ0 map
with R( f ) connected such that π1(i2) : π1(R( f )) ↪→ π1(M) is an isomorphism. If the rank of f does not exceed n − 3 on C( f ),
then the induced group homomorphism π1( f ) : π1(M) → π1(N) is an isomorphism. In particular, no submanifold X of T n, n  4,
dim(X) n − 3, is the critical set of any C∞ℵ0 map f : Tn → Sn whose rank does not exceed n − 3 on X.
Theorem 2.10. Let M be a compact connected 3-manifold with abelian fundamental group and β1(M)  3. If Σ is a compact con-
nected orientable surface of genus g  3, then every map f ∈ CS∞(M,Σ) has uncountably many critical points.
3. Proofs of Theorems 2.5 and 2.10
Proof of Theorem 2.5. Because M is compact, the restriction
R( f ) \ h−1(A( f )) g−→ f (R( f )) \ A( f ), x → f (x), (3)
is a locally trivial ﬁbration, as a proper submersion, which is a covering mapping when k = 0. Thus, the induced group
homomorphisms
πq(g) : πq
(
R( f ) \ h−1(A( f )))→ πq( f (R( f )) \ A( f ))
are isomorphisms for q 2 and π1(g) is a monomorphism. The commutative diagram
R( f ) \ h−1(A( f ))
i1
g
f (R( f )) \ A( f )
j1
R( f ) h f (R( f ))
640 G. Cicortas¸ et al. / Topology and its Applications 157 (2010) 635–642produces the commutative diagram
πq(R( f ) \ h−1(A( f )))
πq(i1)
πq(g)
πq( f (R( f )) \ A( f ))
πq( j1)
πq(R( f ))
πq(h)
πq( f (R( f ))),
where i1, j1 are the inclusions. In order to complete the proof of the statement (1), we just need to combine the
(n − 1)-connectedness of i1 and j1, ensured by Proposition 2.4, with the well-known fact that a covering projection in-
duces monomorphism at the level of fundamental groups and isomorphisms at the level of higher homotopy groups.
The ﬁber F of ﬁbration (3) is a ﬁnite union of circles, if k = 1, or a ﬁnite union of
S2, T g := g T 2 = T 2  T 2  · · ·  T 2︸ ︷︷ ︸
g times
or P g := g P2 = P2  P2 · · ·  P2︸ ︷︷ ︸
g times
,
if k = 2, as a compact two-dimensional manifold, and its exact sequence is
· · · → πq(F ) → πq
(
R( f ) \ h−1(A( f ))) gq−→ πq( f (R( f )) \ A( f ))→ πq−1(F ) → ·· · .
It shows that the group homomorphisms
gr : πr
(
R( f ) \ h−1(A( f )))→ πr( f (R( f )) \ A( f ))
are isomorphisms for r  3 and k = 1 as well as for k = 2 and F = T g or F = P g . If we now combine this with the (n − 1)-
connectedness of the inclusions
i1 : R( f ) \ h−1
(
A( f )
)
↪→ R( f ) and j1 : f
(
R( f )
) \ A( f ) ↪→ f (R( f )),
ensured by Proposition 2.4, one gets (2) and (3)(b).
If k = 2, then F is either a union of spheres S2 or a union of projective planes P2 and, by means of the following part
π1(F )
(∗)−→ π1
[
R( f ) \ h−1(A( f ))]→ π1[ f (R( f )) \ A( f )]→ π0(F ),
of the long homotopy sequence of the ﬁbration (3), one gets (3)(a), by using once again the (n − 1)-connectedness of the
inclusions
i1 : R( f ) \ h−1
(
A( f )
)
↪→ R( f ) and j1 : f
(
R( f )
) \ A( f ) ↪→ f (R( f ))
and the triviality of the group homomorphism (∗). 
Proof of Theorem 2.10. Assume that C( f ) is countable for some f ∈ CS∞(M,Σ). Consequently, the set of regular points
R( f ) = M \ C( f ) is connected and, according to Corollary 1.5, f must be onto. Since f −1(B( f )) = C( f ) it follows that the
restriction R( f )
g−→ Σ \ B( f ), x → f (x) is an S1-ﬁbration whose exact sequence is
· · · → π1
(
S1
)→ π1(R( f )) π1(g)−−−→ π1(Σ \ B( f ))→ π0(S1),
which shows that π1(R( f ))/ker(π1(g))  π1(Σ \ B( f )). Since π1(R( f ))  π1(M) is abelian, it follows that π1(Σ \ B( f ))
must also be abelian, which cannot happens if B( f ) = ∅. Thus B( f ) 
= ∅ as well as C( f ) 
= ∅. In this case Σ \ B( f ) has free
fundamental group, as a noncompact two-dimensional manifold [6]. Because rank[π1(R( f ))] = rank[π1(M)] = β1(M)  3
one gets, by using the exact sequence
0 → ker(π1(g))→ π1(R( f ))→ π1(R( f ))/ker(π1(g))→ 0
and the inequality rank(ker(π1(g))) 1, as ker(π1(g)) is a homomorphic image of Z, that rank[π1(R( f ))/ker(π1(g))] 2.
Combining this inequality with the isomorphism π1(R( f ))/ker(π1(g))  π1(Σ \ B( f )), one gets two generators at least for
π1(Σ \ B( f )), which makes it nonabelian, a contradiction with the commutativity of π1(R( f ))/ker(π1(g)). 
4. Maps with uncountable A( f )-sets
In this section we shall see that the statement (1) of Theorem 2.5 works for slightly more general A( f ) sets. Indeed,
the proof of this statement relies on results of type [16, Proposition 2.3]. However, the proof of these statements only
uses the property of closed countable subsets of a given manifolds to be divisible by arbitrary small spherical boundaries
of disks, namely for each point of the given set and each of its neighbourhoods, there exists an open disk with smooth
spherical boundary, contained in that neighbourhood, which separates the set. Such subsets might be uncountable. Indeed,
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of disks and obviously uncountable. We stress however that the embedding is really important since the middle third Cantor
set can be embedded in R3 in a way which does not provide a Cantor set divisible by arbitrary small spherical boundaries
of disks. Indeed, C is homeomorphic to the Antoine’s necklace A, as both of them are Cantor sets, but A is not divisible by
arbitrary small spheres. However A is divisible by arbitrary smooth small tori [8].
Obviously C is the critical set of a smooth increasing function f : R → R, namely its corresponding set B( f ) is uncount-
able, divisible by arbitrary small spherical boundaries of disks and A( f ) = ∅. One can however convert f to some smooth
function g : R → R, by introducing extra critical points and critical values such that the new set A(g) contains B( f ). A sim-
ilar discussion might be done with the Antoine’s necklace, which is, according to Grayson and Pugh [8], the critical set of
a smooth real valued function h : R3 → R whose set of critical values is also uncountable and divisible by arbitrary small
spherical boundaries of disks.
Theorem 4.1. Let M be an n-dimensional differential manifold (n  2, ∂M = ∅) and A be a closed subset of M which is divisible by
arbitrary small spherical boundaries of disks. If M is connected, then M \ A is also connected, and the inclusion i : M \ A ↪→ M is
(n − 1)-connected, that is, the group homomorphism iq : πq(M \ A) → πq(M) induced by inclusion is an isomorphism for q  n − 2
and it is an epimorphism for q = n − 1.
The proof of Theorem 4.1 works along the same lines as that of [16, Proposition 2.3], where we only used the property
of precompact discrete subsets of M to be divisible by arbitrary small spherical boundaries of disks and to be covered by
ﬁnitely many disks whose spherical boundaries avoid those discrete sets. The precompact discrete subsets of M we have in
mind, within the process of showing that the relative homotopy group πk(M,M \ A) is trivial for k n−1, are intersections
of type Im(α) ∩ A, where α : Dk → M is a continuous map and Dk is the closed k-disk.
Proposition 4.2. Let Mn,Nn be compact smooth manifolds and let f : M → N be a smooth map. If A( f ) is divisible by arbitrary
small spherical boundaries of disks, then dimh−1(A( f )) = 0 and h−1(A( f )) is also divisible by arbitrary small spherical boundaries
of disks.
Proof. We ﬁrst observe that the restriction R( f ) → f (R( f )), x → f (x) is a local diffeomorphism, i.e. the restriction
h−1(A( f )) ϕ−→ A( f ), x → f (x) has discrete pre-images ϕ−1(q), for all q ∈ A( f ). This shows, according to Hodel [10], that
dimh−1(A( f ))  dim(A( f )) = 0. Since A( f ) 
= ∅, then h−1(A( f )) 
= ∅, that is dimh−1(A( f ))  0. We next have to show
that for every point p ∈ R( f ) and every neighborhood U of p, there exists a closed disk in R( f ) such that Up ⊂ U and
∂D ∩ h−1(A( f )) = ∅. In this respect we consider a neighborhood Up ⊂ U of p, open in R( f ), such that f (Up) is also open
and the following restriction Up
ψp−−→ f (Up), x → f (x) is a diffeomorphism. Take a closed disk D ⊂ f (R( f )) such that the
equality ∂D ∩ A( f ) = ∅ holds. Note that ψ−1p (D) is a closed disk in R( f ) and ∂ψ−1p (D) ∩ h−1(A( f )) = ∅. 
By using Theorem 4.1 and Proposition 4.2 and a word by word translation of the proof of Theorem 2.5(1) one gets:
Theorem 4.3. Let Mn, Nn, n  4 be connected manifolds and f ∈ C∞(M,N). If M is additionally compact, R( f ) = M \ C( f )
is connected and A( f ) is divisible by arbitrary small spherical boundaries of disks, then the induced group homomorphisms
πq(h) : πq(R( f )) → πq( f (R( f ))) are isomorphisms for q ∈ {2, . . . ,n − 2} and π1(h) is a monomorphism.
Remark 4.4. Unfortunately we cannot prove similar statements to those of Corollaries 2.7 and 2.9 for maps with A( f ) sets
which are divisible by arbitrary small spherical boundaries of disks, as we cannot get any order of connectedness for the
inclusion i1, although some (n − 1)-connectedness of j1 follows from Theorem 4.1.
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